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Abstract, ^-entropy and reduced volume for Ricci flow were introduced by 
Perelman, which had proved their importance in the study of Ricci flow. Lei Ni 
studied the analogous concepts for heat equation on static manifolds, and proved 
lim,^ W = ln^lim^oo Vj, which links the large time behavior of these two. 
Due to the surprising similarity between those concepts in the Ricci flow and the 
linear heat equation, a natural question whether such equation holds for the Ricci 
flow ancient solution was asked by Lei Ni. In this note, we gave an alternative 
proof to Lei Ni's equation based on a new method. And following the same 
philosophy of this method, we answer Lei Ni's question positively for type I Ab- 
solutions of Ricci flow. 
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1. Introduction 

In the celebrated paper [19], Perelman introduced ^-entropy and reduced vol- 
ume for the Ricci flow, which turn out to be of fundamental importance in the study 
of Ricci flow. 

In Iil6l . ifTTl and |[T8l . Lei Ni studied the similar entropy for the linear heat 
equation and the reduced volume for the static metric. More concretely, let (M n ,g) 
be a complete Riemannian manifold with Rc > and maximum volume growth, 
namely Oco = lim r _»oo > 0, where to n is the volume of the unit ball of R" 
and V v (r) denotes the volume of the ball B(x, r). He defined Nash entropy and 
^-entropy for linear heat equation as the following: 

N(H,t)= f (fH)d/u-^, W{f,t)= f (t\Vf\ 2 +f-n)Hdn 

Jm" z Jm" 

where H(x,y,t) = {Ant)~ie~^ x ' y '^ and H is the heat kernel on (M n ,g). The mono- 
tonicity of N(H, t) and W(f, t) was proved, and the more interesting thing is the 
following equation: 

(1.1) lim W{f, t) = lim N(H, t) = In &o 

t— »cx> t— *oo 

- - r _ n <fi{x,\) 

It is easy to show #«, = lim^oo V(g, t), where V(g, t) = J M „(47it) ze T" dx (see 
Section 8.1 of Q). V(g, t) is called the reduced volume for the static metric g. 

To prove dl.ll) . Lei Ni used the sharp pointwise bounds for the heat kernel proved 
by Li, Tam and Wang (see Ifl4l0 . which is closely related the large time behavior 
of heat kernel studied by Li in |[T3ll . 
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On the other side, as observed by T. H. Colding, lim^oo tjj- f N(H, t) - can 
follow from the cone structure at infinity of the manifold (see Section 5 of [8 ]). 
Also note W(f, t) = tf f N(H, t)+N(H, t), this motivated our alternate proof of (fTTTT) 
in Section [2] following Colding's observation. 

The key point of our proof of (11.11) is that we only need the uniform (not sharp) 
Gaussian bounds of heat kernel, which were proved by Li and Yau in 03). In our 
case, uniform means the coefficients in the bounds do not depend on time t. Using 
such uniform bounds of heat kernel, we can reduce the proof of (11.11 ) to the tangent 
cone at infinity of manifold by sort of "Dominated Convergence Theorem". From 
the work of Cheeger-Colding the tangent cone is a metric cone C(X) (see (H), and 
the explicit formula of heat kernel on C(X) was given by Ding in [9 ], (11.11 ) on C(X) 
follows from these facts explicitly. 

Due to the surprising similarity between the entropy formula for the Ricci flow 
and the entropy formula for the linear heat equation, the following question was 
asked by Lei Ni in [ 17]: 

Question 1.1. Let (M'\ g(?))?e[o,oo) be a non-flat backward Ricci flow solution with 
bounded nonnegative curvature operator Rm, and g(t) is K-noncollapsed at all 
scales (see definition of K-noncollapsed in Section 4 of\\9\). One may ask if 

(1.2) lim W(g,f(x,y,t),t) = lim N(g,H(x,y,t),t) = In V^y, 0)? 

where H(x, y, t) is the conjugate heat kernel, W(g, f, t) is define in (14 -lb . N(g, H, t) 
is defined in (14.171 ) and V«,(y, 0) is defined in (|4T8T >. 

If we try to prove (11.21 ) imitating Ni's method mentioned above, we need to get 
a sharp bound of the conjugate heat kernel in the Ricci flow case. But it is much 
harder to get the sharp Gaussian bounds than the uniform Gaussian bounds for the 
conjugate heat kernel in the Ricci flow case, and we do not know the sharp bounds 
so far. 

On the other hand, by modifying the argument of Cao and Zhang in Q, we suc- 
ceed in getting the uniform Gaussian bounds of the conjugate heat kernel H(x,y, t) 
for a large class of ancient solutions, where the coefficients of the bounds do not 
depend on time t. We believe that such uniform Gaussian bound has its own inter- 
est. 

Also from Perelman's result, the asymptotic backward limit of /c-noncollapsed 
ancient solution with bounded nonnegative curvature operator is shrinking soliton 
(see H9l). When (M",^(f))fe(o,oo) are shrinking soliton solutions to backward Ricci 
flow and g(t) converges in the Gromov-Hausdorff sense as t \ to a metric cone C 
which is smooth except at the vertex, the above equation (11.21 ) was proved by Cao, 
Hamilton and Ilmanen (see Section 3 of [ 1]). In the Ricci flow case, these provide 
us the analogue of Cheeger, Colding and Ding's results about heat equations on 
static manifolds. 

Following the similar strategy as the linear heat equation case , we get our main 
theorem as the following: 

Theorem 1.2. Let (M n , g(0Xe[0,oo) be a non-flat Type I K-solution to the backward 
Ricci flow for some k > 0, and Rm(x, t) > Ofor all (x, t) e M n x [0, oo). Then for 
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y e M n , 



lim W(g, f{x, y, t), t) = lim N(g, H(x, y, t), t) = In V^iy, 0) 



The definition of Type I Absolution is given in Section [3] (see the definition 13.11 
and 13.21) . Because shrinking soliton solutions are obviously type I ancient solu- 
tions, our theorem can be thought as a kind of generalization of the result of Cao, 
Hamilton and Ilmanen in Section 3 of [U. 

The paper is organized as follows: In Section [2 we give the alternative proof 
of (11.11) . which is described above. We prove the uniform (but not sharp) Gaussian 
bounds for conjugate heat kernel in Section[3l which is crucial for the later results. 
In Section HI by similar argument as in Section 3 of HI, (11.21 ) is firstly proved 
on shrinking soliton solutions. Then we use the uniform Gaussian bound got in 
Section [3] to reduce the proof of Theorem 1 1 .21 about ancient solutions to shrinking 
soliton solutions. 

Acknowledgement: The author would like to thank Lei Ni and T. H. Colding for 
their interest and Bo Yang for his suggestion. He is also indebted to Ben Chow and 
Peter Li for discussion. 

2. ^-ENTROPY AND REDUCED VOLUME FOR LINEAR HEAT EQUATION 

In this section, (M",g) is a complete Riemannian manifold with Rc > and 
maximum volume growth, namely #«, = lim^oo > 0. 

For any increasing sequence with lim^oo ?, = oo, from Gromov's compact- 
ness theorem (see [11]), there exists a subsequence, also denoted as {?,}, such that 



where gj - tj g, Moo is some length space with measure dfico and the convergence 
is in the pointed Gromov-Hausdorff sense. From Theorem 7.6 of (4|, Moo is a 
metric cone, denoted as C(X), where X is a compact length space with measure dji. 



Define Hj = Hi(x,y, s) = tf H(x,y,t{s), note that Hi is a positive fundamental 
solution of heat equation on (M",g,). From Theorem 5.54 and Theorem 6.20 of 
191 , we get that for any t > 0, 



the convergence is uniform in C -topology and also in L . And from (6.23) of (9J, 
we have 



(2.1) 



(M n , gi ,y)^(Moo,y) 



(2.2) 



lim Hi(x,y, t) - H^x, y, t) 



CO 



(2.3) 



//oo(x,v,0 = (47rt) T-e 




nu) n 



where r = d{x,y), V(X) is the volume of X, and it is easy to get 



V(X) V M „(Boo(y,l)) V M »(B{y,ti)) 



= = lim 

na> n U) n i^oo U) n t 



9 ( 
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From (12.31 ) and the above, 

r 2 

(2.4) / co = -+lnft x , 

On = C(X), we have the following lemma. 
Lemma 2.1. 



Proof: From dl4l . 



r " 

{fooHooXx, y, l)fi?/ioo(x) = - + In a 
Jm„ 2 



( f fooH 00 )(l)= f [^+ln#J// co (l) = lnft» + f r --H >{\) 

JM m JC(X) 4 JC(Z) 4 



On the other side from (12.3b . 

,,2 /~oo r ,.: r 2 



= (nw„?r) • I r" +1 exp ( - r —)dr 

Jo 4 



- -raw„7T 2r(- + 1) = - 

where Y is the Gamma function. 

By all the above, the conclusion is proved. □ 

Proposition 2.2. 

lim W(f, t) = lim N(H, t) = In Q„ 

Proo/: We firstly show that lim^ N{H, t) = In 6^. From HU, 

~ / <f 2 (x,.y)x C(n) / <i 2 (x,.y)\ 

(2.5) ^exp )<H{x,y, t) < — exp 

Recall lim r ^ 00 ^4 - ft*, > and the volume comparison theorem, from (12.51) we 
have 

1 / d 2 (x, y)\ n / d 2 (x,y)\ 

(2.6) C-\n) exp ( gii) < f 3 < C(n) exp ( ^) 

Hence for any > 1 , 
I (fH)(x,y,t)dn g (x) < \ |ln[(4^)3H]|-H 

C / <i 2 (x, v)\ 

(2.7) < (c+-^)-#(x,y,f)J/z g (*) 

JM"\B(y,b^t) it 

where C = C(«), and in the last inequality above we used ( I2.6I ). In the rest of the 
proof C = C{n) if not specifically mentioned, 
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Using (12.51 ) and do integration by parts, we obtain that 

(c+-^).H(x,yJW g (x)<—— ex P (- r -)(c+ r -)dV y (r) 

(2.8) < C sU- +c)e~Us 

Jb 2 v 5 ' 

in the last equality above the volume comparison theorem is used. 
It is easy to get 

sH- + C)e-ids<C \ e~*ds<C-e~^ 
From (I277T ). (|2~8T > and dl9l ), it follows that 



(2.10) 
Then 



f 

JM"\B(y,b^t 



1 , 

(fH)(x,y, t)dn g (x) < C ■ exp ( - —ft 2 ) 
V?) W 



lim ( f /#)(;,) = lim ( f ///)(?,) + lim ( f ^)(1) 

'"»°° V JM" 7 J M"\B(y,b ^) ' V JB gj (y,b) ' 

>-Cexp(-i-ft 2 ) + ( f /oo^ooVl) 

IU JB m (y,b) 

where /J- is defined by H t {s) = {Ans)~'i exp( - and in the last inequality we 
used ( 12. 10b and ( T2.2I ). Let ft — > oo in the above, we deduce 

lim ( f fH)(U) > ( f /cHooJci) 

On the other hand, similarly using ( 12.101 ) and ( 12.21 ), we arrive at 

lim ( f fH){U) < ( f /ooHoojCD 

By all the above and Lemma 127X1 

lim ( f fH\ti) = ( f /ooHooVl) = J + lnft» 

We know that is independent of the choice of the sequence {?,}, hence 

lim( f /#)(?) = ^ + lneeo 



and it is equivalent to 



(2.11) MmN(H,t) = ln0 a 
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From dTTTT) , we can get that N(H, It) - N(H, t) < e for t » 1. This implies 

that there exists {f,} such that tjj t N{H,ti) — > as — > oo. From the monotonicity 
of W(f, t) shown in [Hi and (I2TTTT) . we finally get 

hm >T(/, f) = lim ^(/, f,) - lim \t,—N(H, t t ) + N(//, td] = In ft*, 

f— >oo i—>oo ;'^co <- Ot * 

The conclusion is proved. □ 

3. Gaussian bounds of the conjugate heat kernel in the Ricci flow 

Before we state our main result, we first recall the definition of /(-solution and 
type I solution. 

Definition 3.1. A complete, non-flat backward Ricci flow solution (M n , g(0)(s[o,oo) 
is a K-solution if it is K-noncollapsed at all scales for some positive constant k. 

Note our definition of /(-solution is different from the definition in [fl"9l. although 
we use the same definition of /(-noncollapsed as in Section 4 of |fl9l . 

Definition 3.2. A K-solution on [0, oo) is called Type I if there exists a positive 
constant C\ such that \Rm(x, t)\ < j^- t for any t € [0, oo). 



In the rest of this section, we assume that (M n , g(t)) t e[o oo) is a non-flat Type I 

Ci_ 

l+r 



/(-solution to the backward Ricci flow for some k > and \Rm(x, t)\ < -rj- Let 



H(x, y, t) be the fundamental solution to 

(3.1) -H{x,y,t) = A x H(x,y,t)-R{x,t)H(x,y,t) , (x, t) € M n x (0, oo) 
ot 

where y e M" is fixed, A x is the Laplacian operator with respect to x and g(t). 
We will use the following result due to Cao and Zhang repeatedly. 

Lemma 3.3 (Lemma 4.1 of Ell). 

C~ l r'i < H{x,y,t) < cr% 
where C = C(C\ , n, k) and (x, y, t) € M n x M n x (0, oo). 
Lemma 3.4. 

(3.2) \VRm(x, t)\ < Cr? , for (x, t) € M" x (0, oo) 
where C = C(C\,n). 

Proof: Fix T > 0, define g (t) = g(2T - t), then 

c c 

\Rm\ m < ! < — , for t e [0, T] 

1 W) \ + {2T -t) T J 

We use Shi's global derivative estimates Theorem 14.5 in [6], choose a = C\, 
K = -f- there, we have 

\Rm\ m <K, for te [0, -J] 
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hence there exists C - C(n, max{a, 1}) - C{C\,n), such that 



C 



a . 



\VRm\ m <—K, for te (0, -] = (0, T] 



Let t = T, we get 



k j 



C 



\VRm\ g(T ) = \VRm\xD < — 
Because T > is chosen freely, the lemma is proved. 



Proposition 3.5. 

(3.3) 



VH 



H 



{x,y,t) < 



C_ 

It 



where V is with respect to x, and C - C(C\,n, k). 

Proof: Fix T > 0, define g (f) = g{i + t), use Lemma [34l we get 

\VRm\ m < ( 



(/+?)' 

Define H(x,y, t) = H(x,y, t + £), then H(t) is the solution to ( 13. Il l with respect 
to metric g(f). From Lemma[ 



C~ l T~i < H(x, y,t)< CT~2 , t 6 [0, -] 



where C = C(«, C\ , k). 

an 

V// 



Using Rc > - and Theorem 16.52 in [6] for (M n ,g(t)), t e [0, § ], we get 
" ! (x,v,0<[l + ln(^)] 2 (^ + 2^) 



H 

where V is with respect to x. Let t = \ in the above inequality, we get 
VH 2 



H 



(x,y,T) = 



vh 2 r c 

(x,y,-)< f 



H 



where C = C{C\,n, k). Becasue T > is chosen freely, the conclusion is proved. 



Corollary 3.6. 

(3.4) H(x,y,t)<H(z,y,t)exp( 
where C = C{C\ , n, k). 



Cd(x, z, t) \ 



Proof: Fix x and z, then integrate (13.31) along a minimal geodesic connecting x 
and z. □ 



Theorem 3.7. There exist positive constants A, = A,-(Ci,n,ic), i = 1,2,3,4, swc/i 

Ai / A 2 <i 2 x ^ rr ^ A 3 / A 4< i 2 

exp( — j < //< 



(3.5) 



y, w (B(x, Vm)) 



V g(t) (B(x, V?,0) 



3 / A4J \ 
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where B(x, r, t) - [z\ d g ( t )(z, x) < r}for any r > 0, H - H(x,y, t), d - d{x,y, t) and 
(x,y, t) £ M" X M n X (0, oo). 

Remark 3.8. We use Grigor'yan's method (see HOh as the proof of Theorem 3.1 
in Q, but we estimate the conjugate heat kernel directly, which is different from 
Cao and Zhang's strategy in [2J. 

Proof: Step 1. Pick a weight function which will be specified later. Using 
integration by parts, we can get 

— f H 2 (x,y, t^^dng^ix) = f H 2 e^ t + (2HAH - RH 2 )e^ 

Ot Jm" JM" 

(3.6) < f (& + :W-tf)flV 

JM" 1 

Because M" can be non-compact, one needs to justify integration by parts near 
infinity in d3.6l >. For fixed t, H(x,y,t) has a generic Gaussian upper bound with 
coefficients depending on t, curvature tensor and their derivatives, as shown in Q. 
Since the curvatures are all bounded, from Proposition [33]and volume comparison 
theorem, the term J dB(l ^ \VH\He^ — > as r — > oo, this justifies the integration by 
parts in (13.61) . 
We choose 

d(x,y,t) < l ; 



{i-d(x,y,t)f 



f(x,t) = t «*>-*> ' 

I , d{x, y,t) > l . 

where l > and sq > t > 0. 
Then for x € B(y, i, i), we have 

1 9 l/i~d\2li-dd 
6+dV0 2 = ---( + - -■ T Ax,y,t) 

2 8 y SQ - 1> 2 so - 1 ot 

By Lemma 8.3 (b) of ED and \Rc\(z,t) < ^ for any z e M", where C 
C(C\,n), we get 

3 /2 C _i\ 

— rf(x, < 2(n - 1)1 -jo + r Q ), for any r > 

ot v 3 1 + 1 ' 



we can choose ro = Vl + t, then < -77=, where C = C(Ci, w). It follows that 

C 



6 + -|V£| 2 <--- + - 

2 8 v sn - ? ; 2 So - ? 



^SQ-t' 2 sq-1 Vl + 1 

I, i-d „ C x2 1 C 2 C 

- — ( 2 I + 

S^s n -t VTTT 7 21 + 



Combining with Rc> -£z, from (13.61 ) we get 



so - 1 VT+7 2i + ? 1 + 1 

rom (13.61 ) we get 

dt\J MI , > i + ^Jm" ; 

where C2 - C2{C\,n). Hence 

(3.7) (f HV) (J1 )<(r //v)(, 2) (i^i) c2 
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where sq, si, S2 are any positive constants satisfying sq > s\ > s 2 > 0. 
Step 2. Define 

W)= I H 2 (x,y,t)dn m {x) 

J M"\B(y,L,t) 

Choose any < p < l, using (13.71 ). we have 

/ t (ji)= f H\x,y, Sl )< f H\x,y,s{)e^ 

J M"\B(y,i,t) JM" 

<[/ p ( J2 ) + C 3 , 2 ^exp(-^-^)](— ) 

where C3 - C(Ci,n, /c), and in the last inequality we used Lemma l331 and f H = 
1. 

Let — > 5 1 ! in the above inequality, 

(3.8) ,, (Sl)£ [, p(S2) + C3S -5exp(- i ^)](i±if 

Note (13.81 ) holds for any > s 2 > 0, t > p > 0. 
Now we define 

t k = ta~ k , r k = {j + -j^j) r > * = 0,1,2, 

where a > 1 is a constant to be chosen later. Let s\ = 4, s 2 = t^+i, 1 = r k and 
p = rjt+i , applying (13.81) we can get 

(3.9) W S [ IM ♦ C*?, exp( - |^!)] • (J^-f 

After applying iteration to ( 13.91 ), we obtain 
(3.10) 

I r (t) = I to (to) < (-LtiLf . / + c 3 ri V exp( ^ ) 

?oVU ' U + *^*+" Zj n 4(; + 3) 4 (a- 1)^ 

When — > 00, ^ — > and H(x,y, t^) — > 6 y (x) which is concentrated at the point 
y. Hence lim^oo I n {tk) = 0. Let k —> 00 in (13.101) , we get 

I r (t) < C 3 rS V fl (i +c ^« exp ( ^ ) 

fi 1 40 + 3) 4 («-l)^ 

By taking r 1 > \t and making the constant a sufficiently large, it leads to 
f H 2 (t) = I r (t) < C 4 t~i exp ( - ^-) 

JM"\B(y,r,t) t 

where C4 = C^{C\,n,K) and C5 = C5(Ci,n). 
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Using Lemma 1331 we can get 

(3.11) f H(x,y,t)<C 6 exp(-^—) 

J M"\B(y,r,t) t 

where C(, - C^(C\ , n, k) and r > \ Vf- 
Step 3. Let xq e M'\ there are two cases. 

If d(x Q ,y,t) > V?, then SQco, 5 Vm) c M n \B(y,r,t), where r = \d{x Q ,y,t). 
Then from (13.1 II) . there exists zo e B{xq, 5 V^, such that 

H(zo,y, t)V g(t) (B(x , l - VF, 0) < C 6 exp ( - 
Note the following fact 

(3.12) Mil <(£L)V V&, 

where V^fa) denotes the volume of a ball of radius r, in the constant curvature -K 
^-dimensional space form, and K > 0. 

From the above fact, by the classical volume comparison theorem and Rc > 
-j$z, these imply that 

(3.13) H(zo,y,t) < C 7 [v g(t) (B(x , Vm))]"' exp( - C&d ~~~~~ ~ ^ 

where C7 - C-j{C\,n,K) and - Cs(Ci,n). 

By Corollary 13.61 using <i(xo, zo> ^ \ V? we have 

„, ,\ . ,\ ^9^X0,20,?) ^ 

H(x ,y,t) < H(zo,y,t)-exv[ 

v yjt ' 

(3.14) < C w [v git) (B(x , V?,0)r 1 «p(- C8 ^ y '° ) 

where C10 = Cio(Ci,n,K). 

If <i(xo,;y, < yjt, by Lemma [331 using the volume comparison theorem and 
Rc > --^- t again, there exists C\\ - C\\(C\Q,C%,ri) = C\\{C\,n,K) such that 

(3.15) H(x ,y,t) < Cr* < C n [v g(t) (B(x , Vm))]"' exp( - ggii^M ) 
Define C12 = max {C10, Cn j, then from (13.141 ) and (13.151 ) we get 

H(jco,y,0 < Cr'i < C l2 [v m (B(x , V?, 0)]" 1 exp( - C * {x ^ yj) ) 

Since xq is arbitrary, this proves the desired upper bound. 
Step 4. Next we show that a lower bound follows from the upper bound. From 
(13- lib , we get 

(3.16) \ H > 1 - C 6 exp ( - C 5 6 2 ) 
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where b > 1 is a constant to be chosen later. Hence there exists x\ € B(y, b V*> 
such that 

H(x u y,t) > [V 8 (t)(B(y,b Vf,0)] _1 [l - C 6 exp( - C 5 b 2 )] 
For any X2 £ AP 1 ^ from Corollary 13.61 
#(x 2 , y, t) > H(xi , y, t) exp ( - C ^ x ^ x ^\ 

(3. 17) > [ Vm (B(y, b Vf. 0)f [l - C 6 exp ( - C 5 * 2 )] exp ( - C **<^'> ) 



Note 



J 2 (xi , x%, f) < [d(xi , y, t) + <i(x2, y, f)J < + 2<f 2 (x2, y, 



then 



(3 1§) <j(xi,x 2 ,Q < <j 2 (xi,x 2 ,Q + 1 < 2<j 2 (x 2 ,y,Q + 2t)2 + ^ 
yft ~ t t 

From ( 13.121 ), combining with the volume comparison theorem and Rc > 
we can get 

Vg W (B(y, b V/, 0) ^ ^ (t) (B(x 2 , d(x 2 , y, r) + & V?, t)) 

,,, m . ^ ^ CW(x 2 ,y, \ T/ /„, A \ fd(x2,y,t) + by/iy> 
(3.19) < C i3 exp( — J - Vg (f )(B(x 2 , V?, j • ( n= J 

where C13 = Ci3(Ci, n, £) and C14 - Ci4(Ci, n). 

Choose the constant b large enough such that 1 - C$ exp ( - C5Z? 2 ) > ^> then 
from (IXTTl (|3~18T ) and (T3~19l) . 

w A-./- h/ aM" 1 ( d (- x 2>y>t) , / C i6 <i 2 (X2,y,0\ 
#(x 2 ,y, > Ci 5 \V m [B{x 2 , it, t))\ ■ [ — — + b) exp [ j 



> C Y1 [v g(t) (B{x 2 , Vf.f))] 1 -exp( 



Ci 8 d 2 {x 2 ,y,t)\ 



t ' 

Since X2 is arbitrary, this is a lower bound which matches the upper bound except 
for constant coefficients A,-. □ 

4. The limit of reduced volume and ^-entropy for the Ricci flow 

In this section, (M n , g(0)re[o,«>) is a non-flat Type I ^-solution to the backward 
Ricci flow for some k > 0, and the curvature operator Rm is nonnegative. H(x, y, t) 
is the fundamental solution to (13 - lb . y € M" is a fixed point. 

By the /c-noncollapsed assumption and curvature bound \Rm(-,t)\ < j^j, it fol- 
lows from Hamilton's compactness theorem (see lfl2"T0 : for any increasing se- 
quence {?,} with lim,^oo ti = 00, there exist a subsequence, also denoted as {?,}, 
such that the following statement holds: 

The pointed manifolds (M n ,gi(s),y) with metrics gi(s) = tT l g(tts) converges to 
a pointed manifold (M 0O ,g co (5),y) in C^ c -topology, where s e (0, 00). 
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It was shown in Q that (Moo, goo Cs)) is a gradient shrinking soliton. For com- 
pleteness and later use, we give the details here following the argument in Q. 

n 

Define //, = Hi(x,y,s) = tj H(x,y,tjs). By Lemma 1331 for fixed s > 0, there 
exists a uniform positive constant Uq, such that Hj(x,y, s) < Uq for all i = 1, 2, • • • 
and ^ e M". Note that //, is a positive fundamental solution of the conjugate heat 
equation on (M",g,(j)), i.e., 

d 

—Hi = A gi Hi - R gi H 

For any compact time interval in (0, oo), //, are uniformly bounded, moreover, 
R gj and Rm gi are uniformly bounded. It follows from the standard parabolic the- 
ory that //, is Holder continuous uniformly with respect to g{. Hence there exist 
a subsequence, still denoted as {Hi(x,y, s)}, which converges to a C^ c -topology 
sense. 

It is easy to see that Ha, is a weak solution of the conjugate heat equation on 
(Mco, gco(s)). By standard parabolic theory and the boundedness of //oo on com- 
pact time interval, //oo is a smooth solution of the conjugate heat equation on 

(Moo,goo(5)).se(0,oo)- 

By Lemma [331 H(x,y,tjs) > — ^r, which is equivalent to Hi(x,y,s) > Cs~i. 

(tis)l 

Hence H^s) > Cs~~2 > 0, it yields that H^ is positive everywhere when s > 0. 
Now for each H, Perelman's ^-entropy is defined as 

(4. 1) W(g, f, t) = [t(\Vf\ 2 +R) + f- n]HdiA g(t) (x) 

where H = (4nt)~ie~f . 
We define 

Wi{s) = W{ gi , f u s)= f f s(\Vfi\ 2 + Rd +fi- n\Hidfx gt(s) (x) 

where Hj(x,y, s) - (4ns)~^e~^ x ' y ' s \ and /?,• is the scalar curvature with respect to 
gi- 

Because M" may be noncompact, one needs to justify that the integral Wj{s) is 
finite. This can be deduced from Lemma [331 Proposition 13.51 and \Rm{-,t)\ < j^j 
easily. 

By Rm > 0, for fixed s > 0, 

Wi{s)>( f f i H l )-n = -n- f In \(4n)'i s L i H^H 
Jm" Jm" 

(4.2) > f C Hi-n = C 

JM" 

where C is independent of i, in the last inequality we used Lemma [331 
Recall that W is invariant under proper scaling, 



W i {s) = W(g i ,f i ,s) = W{gJ,t i s) 
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According lfl9l . for fixed s > 0, W&s) - Wig,f, t,s) is a non-increasing se- 
quence of i. By (14.2b . there exists a function W<x,(s) such that 

WUs) = lim Wis) = lim Wig,f,t iS ) 

i—*oo i—*co 

Note that Woo(s) is independent of the choice of {?,•} by the monotonicity of Wig, f, s). 

For any fixed sq e (0, oo), we can find a subsequence tending to infinity 

such that 



?, /, t mi s ) > Wig, f, t mi is + 1)) > Wig, f, t mM s ) 
Since lim Moo Wig, f, t mi s ) = lim,-^ 5^(g, /, f m ,. +1 s ) - W^sq), we get 
hm [yT(g,/, t m .s ) - WigJ, t m is Q + 1))] - 

That is 

(4.3) lim \W mi is Q ) - W mi is Q + 1)1 = 



According 1191 . 



d_ 

ds 



~ 2 f 

JM" 



1 2 



W k is) = -2 I 7?c gt + Hessgj k - —gk H k dfi gk (s) 



Integrate it from sq to sq + 1, we use (14.31 ) to conclude that 



im J 

J.v JM" 



lim 

k—tco 

Therefore we have 



1 



Rc s mk + Hess g m Jm k ~ Y s Sm H m t dfi gm „is) = 



2 



(4-4) Rc g«,(s) + Hess g^)f°° = Y 8o ° 

for 5 € (so,so + 1)> where is defined by = {Ans)~'ie~^ . Because sq is 
arbitrary positive number, (14.41 ) holds for any s e (0, oo). So (Moo,goo(s))j-e(o,oo) is 
a gradient shrinking soliton solution to backward Ricci flow. 

Define £j(q, 9) = £ 8i iq, 9), where £ gi iq, 9) is the reduced distance with base point 
(y, 0) with respect to the backward Ricci flow solution (M n , g;(0)(e[o,oo)- 

Lemma 4.1. 

(4.5) \im€ i {q,9) = € tx iq,9) 

i—*oo 

exists in the Cheeger-Gromov sense on x (0, oo). And (co(q, 9) is the reduced 
distance of backward Ricci flow (Moo, goo(s)).ve(0,oo) with the base point (y, 0). 

Remark 4.2. Note (Moo, gx>(0)) is the unique tangent cone at infinity ofiM n , g(0)), 
and it is a Euclidean metric cone in fact. Although (Moo, goo (0)) is not a smooth 
manifold, from the definition of reduced distance and (Moo,goo(s)).«E(o,oo) are shrink- 
ing soliton solutions, the reduced distance of (Moo,gco(s)) ie (o,oo) with base point 
(y, 0) is still well defined. 
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Proof: Because (M 00 ,g co (5)) ie (o i0 o) is a shrinking soliton solution, R(y, s) < j. 
Then it is easy to get £(y, s) < C from the definition of reduced distance. The 
similar argument as in the proof of Lemma 8.35 and 8.36 in [5] leads to (14.5I ). 
Combining the definition of reduced distance and (14.51) . we get that £oo(q, 0) is the 
reduced distance of (Moo, gco(s)) je(o,oo) with the base point (y, 0). □ 

Lemma 4.3. 

(4.6) IWcoO?, 1)| 2 + RguvOl) = 1) 
and 

(4.7) €UqA)=Mq,l)+fi 
where ft is a constant. 

Proof: By (14.41 ) and Lemma |4~T1 from the argument in section 7.3 of [5], the 
conclusion follows. □ 
The limit of the reduced volume is defined as 

(4.8) ?co(y,0) = lim V(y.o)(fl. V m (t)± f (Antyie-^d^iq) 

where £(q, t) is the reduced distance with base-point (y, 0). 
Proposition 4.4. 

(4.9) V OB (y,Q) = e* 

Remark 4.5. From A4. 91) . we know that J3 is independent of the choice of sequence 

Proof: From Lemma |4~T1 we can use Lemma 8.38 of @ and (14.71 ) to conclude 

V»(y,0)= f (4^)-^-^^ 1 ^ (1) (^) 

(4-10) =e-" f HUqryAWg^Diq) 

From ( 13.161 ) and the definitions of Hi, gi, we obtain 

(4.11) f Hi(x,y,l)dfi gim (x)> 1-Cexp(-Cfc 2 ) 

where B g .(y,b, 1) - < fc, x € M"}, 6 > 1 and C = C{C\,n,K). 

Note we have 

(4.12) I // co (x,y,l)^ ooa) (x) > lim | 

Jfi g(x) (y,2i>,l) < _> °° JB g .(y,b,l) 

From d4~TTl ) and d4TT2l , 



X 



Hoo > 1 -Cexp(-C7? 2 ) 



B goo (y,2b,\) 
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Let b — > oo in the above inequality, we get 

I y, \)dn goa( \){x) > 1 

On the other side, we get f Hco(x,y, V)dfi gm (i)ix) < 1 from Fatou's lemma. 
Hence 

(4-13) f H co {x,y,\W gm(l) (x) = \ 

From (14.101) and (14. 13b . we get our conclusion. □ 
Define v(f) = [t(2Af - \Vf\ 2 + R) + f - n]H(f) and 

Voo(x, v, 1) = lim v(ti)tf = [2A goo( i ) / 00 - \Vfoo\ 2 gmW + R gce (i) + /«, - y, 1) 

We do not know whether Vco(x, y, 1) is independent on the choice of sequence 
but we have the following Lemma. 

Lemma 4.6. 

(4-14) f vUWlig-Q) = ~P . f f°° H °°( 1 Wg«,(i) = ?;-P 

Proof: Do integration by parts (it is easy to justify integration by parts near 
infinity using the results in Section[3]), then use Ag 0o (i)/ oo + 7?oo = §, we can get 

I Voo = I [ Aoo/oo +Reo+ fco- «l#oo 

(4.15) = r [/«, - = ( r /x) - ? 

On the other hand, do integration by parts, from (14.61 ) and (14.71) . we get 

I Voo = I [iV/ool 2 + /?oo + /oo - «|#oo 
- f [|VC| 2 +/?oo+/oo-«l//oo 

(4.16) - f [2/ 00 +y8-n]^oo = 2( f + (J3 - n) 

From (14.151 ) and (I4.16I ). we get our conclusion. □ 
We define Nash entropy and Fisher information for Ricci flow imitating the 
linear heat equation case in ifFTl . 

(4. 17) Nig, H,t) = ( fH)(t) - U - , F{g, H, t) = jN{g, H, t) 
From (14- lb . it is easy to check that 

(4. 1 8) Wig, f,t) = ( f v)(0 - tFig, H, t) + N{g, H, t) 

Jm" 
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Proposition 4.7. 

Proof: We firstly show lim^oo N(g, H, t) - -p 



lim W{g, f, t) = lim N(g, H, t) = -fi 

t—>oo t—>oo 



f {fH){x,y,tW git) {x) < f \n{(Ant)iH) 

JM"\B(y,b^i,t) J M"\B(y,b^t,t) 



H 



(4.19) < I CH< Cexp(-Cfr 2 ) 



<-[ 

JM"\B(\'b^t. 



\B(y,b^ft,t) 

H h ~> 



where we used the bound of nH in Lemma [3731 and (13.111) . ft > \ is a constant and 
C = C(Ci, n, k) is independent of b and t. 

For any sequence {f,} as in the beginning of this section, we can find a subse- 
quence also denoted as such that converges to in Cheeger-Gromov sense, 
and Hi converges to on in Cf topology. 

Then using (14.191) and the related convergence, we can get 



U) 



lim ( f fH){ti) = lim ( f fH)(ti) + lim ( f /#)( 

'^°° v Jm" ' MooV JM n \B(y,b^,ti) >^°° JB(y,b^,ti) 

>-Cexp{(-C£ 2 )} + lim[ f (///) g ,(i)l 

= -Cexp(-C6 2 ) + f Cfoo^ooVd) 
Let ft — » oo in the above, we get 

lim( ( fH)(ti)> | /oofloo(jc,y,l)^fo(i)W 
On the other hand, similarly using ( 14.191 ) and the convergence, we have 

lim( | fH)(td< I /cfloofey.l^.^Cx) 
By all the above and Lemma |4~6l we get 

lim ( ( fH)(ti) = I UHU^y, l)^(i) (x) = J -yS 
From Proposition [474] we know that /? is independent of the choice of {?,}, hence 

hm( f fH)(t) = l-fi 

it is equivalent to 

(4.20) lim N(g, H, t) = -p 

t—>oo 

From ( 14.201 ), we can get that \N(g, H, 2t)-N(g, H, t)\ < e for t » 1. This implies 
that there exists the sequence {?,•} such that tiF{H, £,■) — » as f,- — > oo. Hence from 

Km . 

lim yT(g, /, t) = lim JTfe, /, td = lim [^(g, //, U) + N(g, H, tM = -ft 

t—>oo i—>oo l—¥00 L J 
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□ 

Combining Proposition 14.41 with Proposition 14.71 Theorem 1 1.21 is proved. 
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